1. Introduction. In this note we intend to develop briefly some singular solutions of the Tricomi equation. These solutions have application in the hodograph techniques for the theory of compressible fluids. The flows to which they apply will be discussed in a later work but it is felt that the singular solutions are of sufficient interest to merit this presentation.
2. The singular solutions. We shall consider the equations <Px = Ipy , It is evident that if <p, \p, are not regular in y < 0, the branch lines will occur along the characteristics x2 + 4?/3/9 = 0. The development that follows is strictly formal and the proof that the solutions are those sought is readily found by substituting them into the original equations. To find them, we first replace y and <p by « = (2/3)ys/2, = (2/3r3yx(x, s) = s2/3x(x, s). Integration by parts with regard to s yields contributions including some functions of x arising from the boundary condition on y = 0. The only admissible contribution of this sort is a delta function at the origin, i.e., 8(x -0). Subsequent integration over x transforms Eq. (5) into the form a2 + «2)x = i.
- (7) However, as implied by Eq. (6),
which reduces readily to
x(x, s) = C 1 e-aMJ2n(as) da, C being a constant.
0 It is also evident that Jx x dx or Xx is a solution of Eq. (5) and, in fact, it can be verified by a simple substitution that
Jo is a solution. However1, the integral of Eq. (10) is (when it exists) , (a/2)""r(, + 2/3) ,./3" + 2 4 -ii" 5 \ X "} ~ r(6/3)(«' + »*)"=*"• 6 ' 6 '3'*■ + "'!
It is evident that (in Eq. 8) we might have used /_2/3(as) instead of the Bessel function of order 2/3. In this case
It is now readily shown that a linear combination of the functions defined by Eqs. (11), (12), is the desired solution provided m = 0. This again is a formal step since the integral which leads to Eq. (12) does not converge for n = 0. However, by arguments involving analytic continuation (or again by the trivial substitution) the functions of (11) A 2 4 4y'/9 \ \6' 3' 3' x2 + 4w3/9/ (4/3) (x + 4y /9) 7 6' 3; 3' z2 + L3/q) (15) x2 + iy /9) for y -0. It is easily verified that (14) and (15) define functions having the desired properties. One should note that these functions can be taken as single valued except in the domain (x2 + s2) < 0. In this region they are essentially triple valued and, in fact, this is precisely the property required for the application hinted at in the introduction.3 We might add that a more general solution regular in x2 + s2 > 0, multi-valued in x2 + ..s2 < 0, and having the behavior <p" y3"~l as y -> 0, x = 0, is
It seems worth while to also record another singular solution of interest. It is the NOTES [Vol. VI, No. 3 solution such that <p has a logarithmic singularity at the point x0, y0; \p (of course) has an "arc tan behavior" at this point. It is immediately evident that we are looking for the Green's function of Eq. (5), say for the region y > 0. To find this, we merely put a spurious non-homogeneous term N(x, s) on the right side of (5), define N as we did x, and operate as before.
This time we find ft2 + «2)x = N (17) if we allow the boundary contributions to vanish. The inversion of Eq. (17) leads to X = / s0N(x0 , s0) J ---2 ) J2/.i(asa) d% da dx0 ds"
where the double integral over £ and a must define the Green's function. Thus, we write
where A is some constant. 1. Since the two dimensional potential equation for the irrotational flow of a compressible fluid may be linearized by a Legendre transformation from the physical plane to the velocity (hodograph) plane, this linearizing transformation is usually one of the first steps taken in the study of two dimensional compressible fluid flows. This trans-
